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ALGEBRAIC INVARIANT CURVES FOR
THE LIENARD EQUATION

HENRYK ZOLADEK

ABSTRACT. Odani has shown that if degg < deg f then after deleting some
trivial cases the polynomial system & =y, y = —f(z)y — g(x) does not have
any algebraic invariant curve. Here we almost completely solve the problem
of algebraic invariant curves and algebraic limit cycles of this system for all
values of deg f and degg. We give also a simple presentation of Yablonsky’s
example of a quartic limit cycle in a quadratic system.

1. THE RESULTS
The subject of this work is the polynomial Liénard system
(1) T=y, Y= _fm(x)y_gn(x)u

where fp,(z) = > 0" a;z" and gn(z) = > bia’ are polynomials of degrees m and
n respectively (a,,b, # 0). Odani in [3] investigated algebraic phase curves of (1).
He proved that if n < m and

(2) fmgn(fm/gn) # 0,

then the vector field (1) does not have any algebraic invariant curve.
He also presented the example of Wilson [6] with

(3) fo=p(x? —1), g5 = p?2*(2* —4)/16 + =
and the algebraic limit cycle
[y + px(z? —4))? +2% —4=0.

Odani conjectured that if m < n < 2m + 1 then (1) does not have algebraic
limit cycles. Here we show that this conjecture is false, and we solve the problem
of algebraic limit cycles and algebraic invariant curves for all pairs (m,n) almost
completely.

In what follows we consider systems of the form (1) with the restriction (2) and
denote by A,,., the space of such systems, A,, , ~ C™T" x (C\ 0)? for m # n.

Theorem 1. (a) If m < n, then there are systems from Ay, with an algebraic
imvariant curve.

(b) If m < n, (m,n) # (0,1), then a generic system from Ay, n does not have
algebraic invariant curves.
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(¢c) Ifm>1, n>m+1, (mn)# (2,4), then there exist systems from Ap, n
with an algebraic limit cycle.

(d) Ifm=0o0orm=1n#3o0orm=2n=4orn=m+1, then any real
system from Ay, does not have algebraic limit cycles.

During the demostration of this theorem we shall also give another proof of
Odani’s theorem. We see that for m = 1,n = 3 the problem of algebraic limit
cycles remains open.

We can also deduce something about the possible forms of algebraic invariant
curves. We say that an algebraic curve K (z,y) = 0 is d—fold if the degree of the
polynomial K with respect to y is equal to d. (Note that in the next theorem we
do not assume that the invariant curve is irreducible).

Theorem 2. If K(x,y) = 0 is an invariant algebraic curve for a system from
A, then we have one of the following three possibilities.

(a) The curve is rational of the form y = P(x), where P is a polynomial (for
m<n<2m+1orn=2k—1>2m+1).

(b) The curve is hyperelliptic of the form (y + P(x))? = Q(z), where P,Q are
polynomials (for m < n).

(¢) The curve is d—fold, d > 3, n =2m + 1, and the equation

(4) (m+1)(dm +4 — a2, /bom 1) A2 — (4m +4 — a2, [bamsi 1) A +1 =0
has only rational solutions Ai 2.

Remark. If n # 2m + 1 or n = 2m + 1 but (4) has irrational solutions, then the
hyperelliptic invariant curve is defined uniquely. In these cases there is the upper
bound [“4] for the number of algebraic limit cycles of the Liénard system (1).

Theorem 2 shows some similarities between algebraic Liénard equations and the
algebraic Riccati equations

(5) i =a(z), §=b(z) + c(z)y + d(z)y?
In [8] (Lemma 5) the following result was proved.

Theorem [8]. If the equation (5) has an invariant algebraic curve K(x,y) = 0
which does not contain any line x =const, then we have one of the following four
possibilities.

(a) There is only one invariant algebraic curve, a rational curve y = R(x),
where R is a rational function, and the system has a first integral of the Darboux—
Schwartz—Christoffel type

H = (y — R(z)) es® H (x — o)™ / e9(®) H(s — 2;)% " 1e9) P(s)ds,

(P is a polynomial, g is a rational function, and x;,a; € C).
(b) There are exactly two rational invariant curves y = Ry a(x), and the system
has a first integral of the Darbouz type

_y—Ri(=) g(m)
xr — Qf
y— Rz H
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(c) The curve is hyperelliptic (y + P(z))? = Q(x) (P and Q are rational func-
tions), and the system has a first integral of the Darboux—hyperelliptic type

_ytP@ VW[ e
i e S el [ W) VaG,

(W is a rational function)
(d) The curve is d—fold, d > 2, and the system (5) has a rational first integral.

Remark. The Liénard system with rational invariant curve or hyperelliptic invariant
curve can be non-integrable in quadratures. The elementary first integrals for this
system were studied by Odani in [4].

In the last section we discuss Yablonsky’s example of an algebraic limit cycle for
a quadratic system.
The next four sections are devoted to the proof of Theorems 1 and 2.

2. EXAMPLES OF SYSTEMS WITH INVARIANT ALGEBRAIC CURVES
AND ALGEBRAIC LIMIT CYCLES

2.1. A rational curve. (Here and in what follows the lower index of a polynomial
always denotes its degree). We assume that the curve is of the form

y = P(a),
where P(z) is a polynomial. It is invariant for (1) iff
gn = _(fm+P/)P'

If m <n <2m+ 1 then we can choose P in one of the following two forms: either

(i) P(z) = Pp_m(z) of degree n —m, or

(i) P(z) = Ppt1(z) = —F(2) + Quem(x) with F' = f and Q,—_., of degree
n—m.

If n =2k —1>2m+ 1, then we choose P = Pj; of degree k.

The above gives the proof of the part (a) of Theorem 1 in all cases except for
even n =2k > 2m + 1.

Remarks. If n is even and n > 2m+1, then there cannot be such an invariant curve
and the above cases are the only ones with 1-fold invariant curves (see the next
section).

One can easily check that such curves cannot exist in Odani’s case n < m.

A rational curve of the above form cannot be a limit cycle.

2.2. A hyperelliptic curve. We assume that
(6) K(z,y) = (y + P(2))* - Q(z) =0,

where P = Py,11 is a polynomial of degree m + 1 and @ is also a polynomial. The
condition of invariance of the curve K = 0, i.e. K|x—o =0, leads to

o 1o

(7) fm =P + §P67
1 Q'
(8) gn——g(Q —PQE)-
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Let
P = aﬁ(x — ;)™ Zmi =m+1, z; #z;.
1
In order to compensate for the poles in Q'/Q we must have
9) Q= bﬁ(x —x;)™.
1

Note that the polynomial P’ + %P% =Py %’;/2 =aMzxz™+ ..., M >0,
is of degree deg P — 1 = m. This shows that our choice of the degree of P is the
only possible one. Let us look at the degree of Q.

If n > 2m+1, then we choose Q = Q41 of degree n+ 1 with the sole restriction
(9). Then g, will be of degree n.

At this moment we complete the proof of the part (a) of Theorem 1 (in the case
n=2k>2m+1).

If n = 2m + 1, then we have the restriction deg(P? — Q) = 2m + 2. Thus
deg@ < 2m + 2. Notice that in the example (3) one has m = 2,n = 5 but
deg@Q = 2.

If n < 2m + 1, then in order to get deg g, = n we must have

deg(P? - Q)=n+1.

The latter condition means that deg @ = 2m + 2, b = a? in (9) and the coefficients
preceeding =%, i = n + 1,...,2m + 1, of the polynomial P? — Q vanish. This
implies that P?/Q = 1+O0(z"?™~1) or that In(P?/Q) = >_(2m; —n;) In(z —x;) =
O(z"=2m=1). Therefore

(10)

We have 2m — n equations in r variables z;, z; # x; (the first equation is
trivial). If » < 2m — n + 1, then from the Vandermonde formula we obtain that
2m; = n;, @ = 1,...,7. So Q@ = P? and g, = 0, in contradiction with the
assumption (2).

Thus r > 2m—n+1. Since r < m+ 1, we get the condition m < n. We see that
in Odani’s case there cannot be a hyperelliptic invariant algebraic curve.

2.3. Hyperelliptic limit cycles. Now we look at the possibility of the existence
of a limit cycle in the form of a real oval of a hyperelliptic curve (6). Observe that
if a limit cycle exists, then the coefficients of the polynomials P and ) must be
real. Because a limit cycle is smooth, after some renumeration of the roots x; we
must have

T
Qz) = bl — 21)(x — 22) [ [ (& — 2)™
2
and Q(x) > 0 for x1 < & < x9. Moreover, we can assume that z; = 0,22 = 1. We
seek a limit cycle v as an oval of the curve (6) situated in the strip0 < z < 1, y € R.
Moreover, we see that m > 0.
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(Note that if m = 0 and V' denotes the vector field (1), then divV = — fy =const##
0, which also gives nonexistence of limit cycles.)

If m =1, then P=ax(x —1), Q@ =bx(x —1), b <0 and n = 3. But then one
can take the variables X = z(x —1),Y = y, in which the system (1) becomes linear
with the first integral (Y — ¢X)*(Y — ¢X)P. Thus if m = 1, then K = 0 cannot
contain a limit cycle.

Let m > 1. A limit cycle v surrounds a real singular point = = z9,y =
0, gn(xo) = 0 of the anti-saddle type (at least one). We have TrdV(zg,0) =
— fm(x0), which must be non-zero (i. e. (x,0) is a focus or a node) if v is a limit
cycle. By (7) and (8), we find the following condition:

(11) (P2 = Q)Q'(w0) =0, (P*Q)(x0) # 0.

If P and @ depend on parameters 61, ... , s, then zg = x¢(61, ... ,ds), and we need
the property (P%Q)’(xo(61,...,0s)) Z 0.

If n > 2m+1, m > 1, then the above condition is easily achieved (r = m+1, s =
m—1).

If m = 2,n <5, then P(z) = ax(zx — 1)(z — z3), Q(z) = a®z(x — 1)(x — x3)%,
and we see that the condition Q(x) > 0 for 0 < x < 1 does not hold.

Assume that 3 < m < n < 2m + 1. Because we want to have as much free-
dom as possible, we take the number of variables x; to be maximal; so P(z) =
(x—2x1)...(x —Tms1) (M1 = ... = myq1 = 1). Also we take the polynomial @ in
the form

Qx)=(x—z1)...(x —2k) (@ — 1) ... (T — Tppy1) ",

where n; > 3 for j > n 4 1. If some n; = 2, then the variable z; does not
appear in the equations (10) and we have less freedom in solving them. For fixed
k,nk+1,-.. ,Nm+1, we denote y1 = Tg41,k1 = Nkt1 — 24+, Ys = Tynt1, ks =
Nm+1 — 2, s =m — k + 1. Then, the system (10) takes the form

k ] s )
(12) sz:Zkiyf,jzl,...,Zm—n

i—1 i=1
ki =k).

Our goal is to find a limit cycle for n > m + 1. It suffices to find a limit cycle
for n = m + 2 because, when n > m + 2, then we have fewer equations in (10), and
after perturbation of the solution obtained for n = m + 2 we get a limit cycle (the
structural stability).

2.4. Lemma. Ifm > 2, n=m+2, then there is a system from A, n, with a limit
cycle in the curve K(z,y) = 0.

Proof. We fix k =m — 1, k; =1, ke = m — 2 and consider the system (12). One
can see that the system

P+l T =y T (m— 2)ys

has the solution x1(0) = ... = ©;,—2(0) = y2(0) = 0, x,,—1(0) = y1(0) = 1. We
shall perturb it. We choose z;(t) = At + ..., i=1,... , m—2, yo2(t) =0, y1(t) =



1686 HENRYK ZOLADEK

1, Tpm_1(t) =1 —tm™"2 4+ ... (the positions of two points are fixed). We obtain the
system of equations

M+... )\m_z)t ,
A2+ 2=,

So, we choose \; = e2m13/(m=2) and we get

Pi(z) = (2™ 2 =t ) (x — 1 +t™ ) (z — 1)z,
Qi(z) = (2™ 2 —t" ) (z — 1+t %) (z — 1)32™.

We see that for ¢ > 0 there are exactly two simple zeroes of Q¢(x) between 0 and 1:
Tm_o(t) =t+... and 21 (t) = 1 —t™ 24 ... Next, Qo(z) = (x —1)*2?™"2 >0
for 0 < 2 < 1 and hence Q;(x) > 0 for z,,—2(t) < x < T;m—1(t); there is a real oval
~ situated in the strip ©,;,—2(t) < £ < Zpy,—1(t). We claim that it is a limit cycle.

We need to check that inside ~ there is only one singular point for which the
conditions (11) hold. We have

P2 —Qi~=tm 22?41 —2)(z —1)32™ =t""25(x), S >0,
Qi(xz) =2[(m+ 1)x — (m —1)]R, R > 0 (hence zg = (m — 1)/(m + 1)), and

S'(xo) = (x0 — 1)2xgl_1[xgl_2((2m + Daxo—2m+2)+ (1 — zo)((m + 4)xg — m)]

o — me—l
e o = )™ = 4 = 2) 4 1))

If S’(z9) = 0, then m is odd, m = 2] + 1 and 1! = (21 — 1)(I + 1)*=2. The only
solution of the last equation is [ = 1 (consider the cases of even and odd ). So for
m > 3 the point (xo,0) is the unique singular point inside +; it is not a center and
~ is a limit cycle.

If m = 3,n = 5, then the above choice of the polynomials P and @ does not
give limit cycles. Instead we choose P(z) = z(x — 1)(x + 1 — 3t)(z — t), Q(z) =
x(x—1)(z+1-3t)(z—t)5. We have P2—Q = P(z)(x—t)[z(z—1)(x+1-3t)—(x—1)3]
(of degree 6 = n +1). If t — oo, then (P?2 — Q)(x) #0 for 0 <z < 1 and Q'(x) =
3(2x — 1)t5 4+ O(t%). Therefore there is a unique singular point (zg,0), 2o ~ 1/2,
of the system (1) inside the oval v. Moreover, (Q/P) (x¢) = 4(xo — t) # 0. This
shows that ~ is a limit cycle. O

2.5. Lemma. (a) If n =m+ 1, k = m, then all solutions of the system (12) are
equivalent to P(x) = x(x™ —d), Q(x) = 2™+2(a™ —d). Moreover, the hyperelliptic
curve is not a limit cycle.

(b) Otherwise the only solutions of the system (12) are such that Q(z) = P?(x).
Moreover, the corresponding algebraic trajectories are not limit cycles.
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The possibility of the existence of hyperelliptic limit cycles is presented in the
following table:

m=20 NO
m=1 NO
m=2n<5 NO
m=2,n>5 YES
m>3,n<m-+1 NO

m>3,n>m+1 YES

This shows point (¢) of Theorem 1 and its point (d) restricted to the case of hy-
perelliptic limit cycles.

Proof of Lemma 2.5. (a) We have s = 1, and we can assume that y; = 0. Then, we
obtain the system z1+...+x, =0,... ,x}”‘l +...42m"1 = 0. So, the polynomial
R(A\) = J[(A — z;) is of the form R(\) = \™ —d.

(b) The system (12) has k!/(k1!...ks!) solutions of the form

xg(l) = xg(g) =...= xg(kl) = ylvajo(kﬁ-l) =...= :Z?U(k1+k2) =Y2,... Tk = Ys

of codimension k and degree 1, where o are permutations of the set {1,...,k}. We
claim that these are all of the solutions of the system (12) in CP**+5~1 for y; # Yj-

To show this we use algebraic intersection theory. We treat these equations as
equations for x; with fixed y;, y; # y;, and we show that the system of the first
k of the equations (12) has the above set of solutions. The degree of the algebraic
variety defined by them is k!. If we show that the intersection index at each of the
given solutions is k1!... k!, then we shall get the result. It is clear that this index
does not depend on the particular solution.

We put =i, 45 = ¥: + Aij. We have to calculate the index at A = 0 of the map

A= () Je)s SN = D1 + M) = w3
i,j
2.6. Lemma. There is an invertible linear transformation
(f1,ooo 5 fu) = (9115 s 91k1s 9215 -+ Gsk)
such that

ki

git = it + Gigs prir = Z )‘éj
j=1

and the g}, are of higher order with respect to \.

From this lemma we get that the intersection index of the map A — f()) is the
same as the intersection index of the map A — (p;;), which equals kq!... k!

Proof. We have

RS S WISH D Bl (e

A l J 4,1
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The matrix of the transformation (u) — f is of the form

1 0 o 10 0 ]
By 1 0 ... Dy 1 0

(13) Dyt Qw1 Dyz Gy 1
Dy Qv Bun o D8 B (v

We have to show that this matrix is invertible.
Introduce the auxiliary functions

hea(viy) = (y+v) =y,
hea(viy) = (y+20)" — )y +v)" +v,

hee(viy) = (+t)" — (D +E— 1) +...+ (=Dy".

We have h,¢(v;y) = (1 — e~ /%) (y + zv)"[ome = [(})y" " Htht + O ) as v — 0
(t<r)

Therefore the matrix (13) has the same entries as the leading coefficients before
tlwt of the functions hp(v;y;), @ = 1,...,8, r = 1,... .k, t = 1,...,r. But
the functions h,+(v;y;) are expressed in terms of the functions (y; + jv)", power
functions at k different points. The determinant of the matrix

p+v)—yr (p+2v)—(p+v) ... (Y2+v) =y
i +v)? -y n+20)’——-v)? ... (2+v)? -

is nonzero. From this we get that the determinants of the matrices

hll(yl;V) 0 hll(yg;V) 0
hot(yi;v)  hoa(yisv) ... hai(yasv)  hao(y2;v)
as v — 0 and (13) are nonzero too. O

2.7. d—fold curves, d > 2. We consider the situation when n = 2m + 1 and
9n = AfmF7

where F(z) is a polynomial such that F' = f,, and A is a constant. (One can say
that the primitive of g, is proportional to F2.) Then the vector field (1) can be
pushed forward by means of the map (z,y) — (X,Y), X = F(z),Y = y. Indeed
after transformation and division by f,, we obtain the linear system

X=Y,Y=-AX-Y.
If 11,2 are its eigenvalues, then the system has a first integral of the Darboux type
H=Y —-cX)"(Y —dX)™ "

(c and d are constants). If A = v4 /15 is a rational number, then the first integral
can be chosen as a rational function, and any phase curve H = const is algebraic.
Of course, we cannot obtain a limit cycle in this way.
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Another example of a d—fold, d > 3, invariant curve provides the Wilson system
(3). (I owe this remark to Odani.) It has three invariant curves:

A
@172=y+%x(x2—2):t§x:0, A= /2 —4,
and
¢3=[y+%x(:z:2—4)]2+x2_4:0

(see the Introduction). So, the curve ®1Py®P3 = 0 is 4-fold. Odani [4] has shown
that the Wilson system has non-rational Darboux type first integral

H = 304 1o /AL

It would be interesting to know whether there can exist a d—fold curve, d > 3,
with a limit cycle, whether a system with such a curve is always integrable in
quadratures, and whether irreducible such curves can exist.

3. THE BEHAVIOUR OF TRAJECTORIES NEAR INFINITY

After proving the existence results we pass to the classification of invariant al-
gebraic curves of Liénard systems. The natural beginning of such a study is to
look at the asymptotic behaviour of these curves. In this section we investigate
the analytic properties of individual trajectories. After a suitable blowing—up of a
singular point at infinity we obtain a resolved vector field with some new singular
points. We apply the theory of normal forms to study phase curves near each of
these points. In the next section we will study trajectories near a whole invariant
divisor containing these points.

3.1. Lemma. If m <n < 2m + 1, then the asymptotic behaviours of trajectories
tending to infinity for V€ A, are the following:
(i) The trajectories T, € C:
y=cpa e O, @ — o,

with uniquely defined constants cgo), i=...,n—m. Only one of these curves, I'Y,

can be analytic (but it is possible that none of them are analytic at infinity).
(ii) the 1-parameter family of trajectories
r,: y=cmrrz™" + . +eazx+p+dnz+czt ..., peC,
where ¢y, ... ,c1,d are defined uniquely (as polynomials of a;,b;). If d = 0 then
then I',, are analytic near infinity.
Remark. The thesis of this lemma holds also in the Odani’s case m > n.
3.2. Lemma. (a) If 2m + 1 < n and n is even, then there is the 1-parameter
family of trajectories A, :
v =coz" ™ e+ (dp ™+ )y +pt+dinz+ ..., peC,

where cpq1, ... ,C1,dm41, ... ,d are defined uniquely. If d =0, then A, are analytic
near infinity.

(b) If 2m + 1 < n = 2k — 1, then there are the two I1-parameter families of
trajectories

Aff: y:cf:z:k—|—...—|—ci':_ka:1_k—|—ua:_k—|—dix_klna:—|—... , weC,
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where cf, . 7cli_k7 d* are defined uniquely and for d* = 0 these curves are analytic
near infinity.

3.3. Lemma. Ifn = 2m + 1, then we consider the roots A1 2 of the equation (4)
(see Theorem 2).
(a) If A\, A2 € Q, then the system (1) has exactly two analytic trajectories near
nfinity:
5172 LYy = n172($), m,2 = Cgfil'm-’_l + C£r1172)1'm +...,
where cf,llf% =amA1,2/(1 —2(m+ 1)\ 2).
() IfNi =pi/gs € Q, i =1,2, A1.2 >0 and A1,2 # 1/N with N an integer, then
there are the two families of analytic trajectories
Sip: (y—mi(x)? = /wc(mﬂ)q'i_p?‘(l +...),neC i=1,2.
(c) If M1 <0< X €Q, Ay #1/N, N an integer and \1/A2 = —p/q, then there
is the family of analytic curves
B (Y —m2)? = ply —m(x)*(1+...), neC,
and the analytic curve =
(d) If \a = 1/N, where N > 0 is an integer, then there is the family of trajectories
52711"

y = cgllxm'kl +...+ cfz)_

w € C, where 652) and d are defined uniquely . If d = 0, then these trajectories are

analytic and we have the situation as in (b) or (c).

N+2xm_N+2 + pa™ N g N g

3.4. The first terms of the asymptotics. If n > m+1, then the system (1) has
only one singular point at infinity (0:1:0) (in CP?2={(z:y:2)}). fn=m+1,
then besides (0: 1 :0) there is also the point (G, : —bmy1 : 0).

Near (0 : 1 : 0) there are the following possible behaviours of an eventual alge-
braic phase curve: either

z=x20+Cy*+..., a>0asy — oo or

(i) y ~Cz™, a>1,as z — oo.

But in the case (i) we have dz/dy ~ y~ — 0 on the one hand and dz/dy =

~(fm() + gn(2)/y) "t ~ f1(w0) # 0 on the other.
In case (ii) we have

a—1

Caz® ' ~ —apz™ — (b,/C)z" .

Now we have three possibilities:

(i) If the term a,,x™ is dominating in the right hand side, then « = m + 1 and
m>n—a (orn<2m+1).

(ii) If the term (b,,/C)z™* is dominating, then o = (n +1)/2 and n —a > m
(orn>2m+1).

(iii) If both terms are of equal order, then a = n —m and a — 1 < m, which
gives n < 2m + 1. Here we can also include the case « =1 for n = m + 1.

In the next step of our analysis we perform a blowing—up of the singular point
(0:1:0) and use the the local theory of analytic vector fields.

3.5. Analytic orbital normal form theorem. Let

T=nxr+...,y=1mYy+...
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be a germ of an analytic vector field in C? near the isolated elementary (i.e. |v1]+
|va| # 0) singular point (0,0).

(a) If hva # 0 and A = v1/va € Q (non-resonant point), then exactly two
analytic invariant curves (separatrices) pass through the point (0,0). The system
is formally equivalent to its linear part & = &, §j = vafj with the first integral

H=zj

(b) If 11 = 0 # o (semi-hyperbolic point) then there are two distinguished
invariant trajectories: an analytic separatriz corresponding to the eigenvalue vo
and a center manifold which may be not analytic and may be not unique. If the
center manifold is analytic, then it is unique (others are not analytic). The formal
orbital normal form is & = 1)1, = §(1 + bE') with the first integral

H _ yxble—l/z

(¢) If A = N s a positive integer (N : 1 resonant node), then the system is
analytically equivalent to the system

(14) i=Ni+og", y=7
with the 1-parameter family of trajectories
(15) g N —6lng=p, peC

(or H = gj‘se_i/gN =const), which are analytic for § = 0. If § # 0, then only the
curve y = 0 is analytic.

(d) If X\ =p/q > 1 is rational but not an integer (p : q resonant node), then the
system is analytically equivalent to & = pZ, § = qij with the 1-parameter family of
analytic trajectories

H=31"7=pu, pcCP.

(e) If \ = —p/q is negative and rational (p : —q resonant saddle), then the system
has two analytic invariant curves passing through (0,0). It is formally orbitally
equivalent to & = Z(p +u' /(1 +bul)), ¥ = —qi, u = TIGP with the first integral

H = xAyBe—l/u
If | = oo, then the system is analytically linearizable with the first integral u.

This theorem contains a significant part of the local theory of analytic planar
vector fields. Its proof or references to them can be found in [1].

Remark. We note that there are some situations when in the non-resonant case the
normalizing transformation is analytic: A € C\ R or A < 0 is weakly approximated
by rationals. In the latter case A satisfies the so-called Bruno condition (with
geometric interpretation given by Yoccoz).

If A\ =0 or A\ = —p/q, then the transformation leading to the normal form is
analytic in some sectorial domains. The analytic normal form contains the so-called
Martinet—Ramis—Ecalle-Voronin functional moduli, the “differences” between nor-
malizing transformations in different sectorial domains.

3.6. Proof of Lemma 3.1. If m < n < 2m + 1, then we introduce the variables

z=1/x, u=y/z™"
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We get
(16)
5= z2u, U= amu+ (m+ 1w+ am_12u+ ...+ (Gpm1t + by ) 22T 4
This system has two singular points: z = 0,u = ug = —a,,/(m + 1) and z =
0,u=0.

The point (0,0) is semi-hyperbolic with eigenvalues 0 and a,, # 0, and the
integer [ = n — 2m — 1. From Theorem 3.5 it follows that it has a center manifold
§=u+ (bp/am)z" 2" + ... = 0 with uniquely defined Taylor series. In the old
coordinates it is of the form y = —g,(z)/fm(z) + O(x?*=3m~1). If it is analytic
then it is unique. The trajectories I‘g are given by gj;ﬁble_l/il = L.

The point (0, ug) is an (m + 1) : 1 resonant node with the normal form (14) and
the family of trajectories I';, (15) which are analytic for 6 = 0. The parameter &
from Theorem 3.5 (¢) corresponds to d in Lemma 3.1.

The Taylor expansions of the curves I' and I', can be obtained by comparision
of the coefficients in the equation dy/dx = — f,,,(x) — gn(x)/y. This remark remains
valid in the proofs of the other two lemmas. O

3.7. Proof of Lemma 3.2. (a) If n = 2k > 2m + 1, then we apply the following
blowing—up:

k+1 2k+1

z=y/a" T u=yP e

(we have x = u/22, y = uF*t1/22k+1) to get
(17) 2= z[bar + (k + Vu] + O(2?), @ = u[2bay, + (2k + 1)u] + O(2).

This system has two singular points: the point z = 0,u = 0 (which arises
only due to the non-regularity of the blowing-up map) and z = 0,u = wug, where
ug = —2bay/(2k + 1) (which is a 2(2k + 1) : 1 resonant node). The system (17) has
the 1-parameter family of integral curves

(u — o) (u/22)?* (1 + O(2)) — 6(1 + O(2)) In(2%/u) = const
or
y? —upr®* ™ + .+ p+dlnz + o(1) = 0.

The term dlnz corresponds to the term 67" In ¢ in the normal form (15) near the
point (0, ug).

The point (0,0) is 2 : 1 resonant, but its normal form does not contain the
resonant term because it arises from squeezing the line y = 0, near which all
trajectories are analytic.

(b) When n =2k — 1 > 2m + 1, then we use the blowing—up

z=1/z, u=y/z",
which gives
(18) 2= zu, 4 =bop_1 + ku® 4+ bop_oz+ ...+ (bktm + amu)zk_m 4.,

This system has two singular points z = 0,u = +ug = £+/—bak—1/k which are
2k : 1 resonant. In neighbourhoods of each of these points we have the situation as
in Theorem 3.5 (c). So, u — ux + O(2) = vz?*(1 + O(2)) + d*2%¢(1 + O(2))In 2,
which means that y —ug2? +O(z* 1) = va=*(1+o(1)) +dtz=*(1+0o(1)) Inz. O
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3.8. Proof of Lemma 3.3. If n = 2m + 1, then we use the blowing—up

z=1/x, u=y/z™"!

and obtain

(19) Z=wuz, 4= (m+ 1)u?+ apu+ bami1 + O(2)

with two singular points z = 0, u = u1,2. The ratios of eigenvalues
A2 =u12/2(m+ Dur 2+ am

at these points satisfy (13) from Lemma 3.3. We have Ay + Ao = 1/(m + 1).
Now the result follows from Theorem 3.5. O

Remark. Tt is not clear that the constants d and d*, defined in Lemmas 3.1 — 3.3,
are nontrivial (e.g. are nonzero for a generic system from A,, ). Notice that the
class of Liénard systems is very restricted. We do not answer this question in this
paper.

Probably the behaviour of phase curves of the Liénard system near infinity is
analogous to the phase portrait of an analytic system near a nilpotent singular
point: £ = y+ ..., ¥y = .... There after suitable resolution of the singularity
one obtains an exceptional divisor with singular points of resonant type (see [2]).
However, the problem of analytic normal form for such singularities is not solved.
The generalized cusp case is completely investigated in [5].

4. THE LOCAL FIRST INTEGRAL

In this section we prove the results about non—existence of d—fold invariant al-
gebraic curves, d > 2. This allows us to finish the proof of point (d) of Theorem
1 (non-existence of d—fold limit cycles, d > 2) and of Theorem 2. By the way we
obtain the proof of the result of Odani.

Unfortunately, the method of Odani (estimation of degrees) does not work here.
(The author tried it without success.) We use another method, based again on the
analysis of the system near the line at infinity. We shall show the existence of a
first integral of some special kind.

4.1. Proposition. Consider the analytic system

& =a(z) +a1(z)y + az(x)y* + ...,

g =b(x)y +ba(2)y? + bs(2)y® + ...,

defined in a neighbourhood of the line {y = 0} = CP* C CP? (also near the point

(1:0:0) at infinity). Then there are two possibilities:
(i) There is a formal local Darboux integral

(20)

T

(21) H = ye" [ [(w = 2)™ )1+ v wi (@),

1
where the x; are zeroes of the polynomial a(zx), g and the w; are rational functions
with poles at the x;, and a; € C.

(ii) There is a positive integer k and a first integral of the local approximate
Darbouz—Schwartz—Christoffel type

H =y *F(z,y)ed™ H(a: —x;)% + / e9(®) H(s —2;)* 1 P(s)ds + o(1),
1
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where F(z,y) =1+ O(y) is an analytic function near y =0, P is a polynomial, g
is a rational function and o; € C.

Proof. We can write the equation for trajectories of (20)

dy b 9
Ir = @y te@y+o
where the ¢;(x) are rational functions with poles at x;, the zeroes of the polynomial
a(xz). We seek a first integral of (22) in the form of a series

(22)

H=h(z)y+) hjx)y,
i=2

where
OH | OH Oy _

gr "oy or
The function hj(x) satisfies the equation
B, + (b/a)hy =0

with the solution hi = exp(— [“(b/a)(s)ds), which after representation of b/a in
the form of simple factors Y a;;(z — x;) 77 +(polynomial) becomes

hi(z) = e9(®) H(a: — xz)@

with §; € C, where the x; are zeroes of the polynomial a(x), and a rational function
g(x) with poles at ;.
For the function hy we get the equation

hlg + 2(b/a)h2 = —Cth,

which we integrate in the form

hs = —h2(z) /w B (s)ca(s)ds.

Here we do not fix the lower limit of integrations.

We have two possibilities: either we can choose ho in the form hy(z)ws(z) with
rational wa, or ha/hy cannot be rational. If hy/h; cannot be rational, then we stop
the calculations. If ho/h; is rational, then the constant of integration is defined
precisely and we pass to the term hsy?.

We have

0.

R +3(b/a)hs = hy(z)vs(z),

where v is rational and hy = —h$(x) [ hy?v; is either of the form hiws, ws
rational, or not. If not, then we pass to the terms hyy?, etc.

Finally there are two possibilities:

(i) For all ¢ > 1, h;/h; = w;(z) is rational and we have the first integral (21).

(ii) There is some smallest k such that the h;/h; are rational for i < k and hy o/h1
cannot be choosen rational. In this case we change the first integral H — H~F,
One can easily see that we can represent the new integral in the form described in
Proposition 4.1. O

Remark. One may ask why we have the local Darboux—Schwartz—Christoffel in-
tegral in the 1 : 1 resonant node with Hy = x/y — 6lny. But observe that
Hy—6Hy =x/y— 6 [dx/z + O(ylny) is just the integral from Proposition 4.1.
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We apply the integral from Proposition 4.1 to the Liénard system after blowing
up the singular point at infinity. We get one of the systems (16), (17), (18), (19)
near the line z = 0.

4.2. Lemma. Ifn < 2m+1, then the system (16) has a local Darbouz—Schwartz—
Christoffel integral of the form

Ulu,2)®

(23) H= poT + Yo (u) + O(2),

where U(u,z) = u — ug + %am_lz +ooot L (@neme1 + bpfug)Z?m T a =

% o(u) = cl(1 —u/ug),

t m+1—n m+1
I — ) g2m+l ds — —(@mA1-n)iqy (] _ cigl/(mt1)
(M =(m+1) | T—mgds =D ¢ n(1—¢ )
i=0

< _ 627ri/(m+1)’ c=—b, 2(7:;—:—11;211(_uo)—(n-l-l)/(m-i—l)'

Proof. Representing b; as Z—;u - z—]o(u — ug), we can rewrite the vector field (16) as
V =Vo+ V1, where
bn .
Vo =u[20, — (m+ 1)(u—up) + am-12+ ... +apz™ + u—z2m+1 +...)0u]
0

is integrable with the first integral ® = % Let Hy = ®; it is approximately
the first part of the integral (23). We treat V1 as a perturbation of Vp.
If 4;(u) are the coefficients before z* in the expansion of H, then g satisfies the

equation
by,
(m + 1)“@[’6 + u_owiz—Qm—l =0,

Yn_om—1 = (u — up)@m+T1=m)/(m+1) " with the solution as in Lemma, 4.2. O

Remark. The above form of the approximate first integral agrees with the result of
[4], where it was shown that any elementary first integral of the Liénard equation
for m <n < 2m+ 1 is of the Darboux—Schwartz—Christoffel type

y +p2(x)
(p2 — p1)()
with ramifications along the curves y + p;(x) = 0 and y + pa(x) = 0.

H = [y +p2(2)]” + cl(

4.3. Lemma. . Ifn < 2m+1, then any invariant algebraic curve is either rational
or hyperelliptic (as in Section 2).

Proof. Assume that there is a d—fold, d > 2, invariant curve €. Let us look at its
intersection points with infinity. When we work with the form (16) then Q can
intersect the line z = 0 at two points: A = (0,0) and B = (0,u0). By Lemma 3.1
only one branch of © can pass through the point A (as the center manifold) and
any branch passing through B is of the form

y=M(x)+ p; +O(1/x), x — oo,

where M (z) is some fixed polynomial and p; =const.

If some irreducible component Qg of £ does not pass through A (only through
B), then we apply the change of variables (z,y) — (r,w), w =y — M(x). The
local components w = u; + O(1/x) intersect the line at infinity Lo = {(z: w:0)}
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transversally at the point (1 :0: 0) (z = co,w = 0). By the Bézout theorem the
intersection index of Qy with Ly at (1 : 0 : 0) is equal to its degree. Now it is
easy to see that Qp must be a line w = p; (perform the analysis in the coordinates
(1/z,w/x)). One can also see that there can be at most one such line (because w
is linear in w, it also follows from the argument below).

Also when Qg passes only through the point A, then it is a parametric rational
curve.

Therefore, we have to consider the situation when some irreducible component
Qo of Q passes through the both points A and B. Using Lemma 4.2, we can
assume that near the line z = 0 there exists the first integral H with a logarithmic
singularity at the center manifold I'J of A and with a root singularity along some
trajectory I'y, passing through the point B. We have HlFB = o0, Hlp, = 0.
The other local components I'y,,, i = 1,...,s, of §) are given by the equations
H(z,u) =¢; (or HY® = ;).

Remark. We cannot expect that the first integral is of the form ¢* + ¢I(¢/n)
(¢, n holomorphic functions), because the holonomy group of the punctured line
X = {z =0} \ {4, B} (the image of 71(X) in the group of local diffeomorphisms
of a local holomorphic disc transversal to X in C?) may be complicated (e.g. non-
solvable).

We can assume that the equation for I'§ is

Y- Pn—m(x) - (b(x? y) = 07 (b(xﬂ y) - 07
¢ analytic; the equation for I',, is

Yy — Mm-i—l(x) — Mo — ¢($,y)7 ¢ - 07
1 analytic, and the equations for I',,, i =1,... s, are

Y= Mpq1(x) — pg — i, y),

where n; ~ 2""™I(1 — y/(upx™* 1)) + ... are not analytic.
The polynomial K (z,y) defining the curve 2 is the product of these functions.
But such a product cannot be a polynomial for s > 1 because it contains the term
s(n—m)[s
x .
This completes the proof of Lemma 4.3 and of Theorem 2 for n < 2m + 1. Also
the d—fold, d > 2, limit cycles are eliminated in this case. O

4.4. Lemma. If n = 2k — 1 > 2m + 1, then the system (18) has local Darbouz—
Schwartz—Christoffel integral (not Darbouz) of the type

U « “
(24) H= % - a/ (ks + bag—1)* 2 (bpyms + ams®)ds + O(z),
where
u?  bog—1 | bog_2z b1 2872 k—m-—1
Uz =g+t hamaz T

An analogous lemma holds in the case of even n = 2k > 2m + 1.

Proof. Note that if f,,,(z) = 0, then the system (1) is Hamiltonian. So, up to terms
of order O(x*+™), we have the following expansion for the first integral:

1 boj— bop_ b
§y2+ 2k—1 2k 2k=2 ok—1, o Ok+m4l kimi2

H =
ok © Top_1" k+m+2
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Using the notations from Section 3.7, we get

_ u?/2 + bag—1/(2k) bak—2

22k (2k — 1)22k—1
bitmt1 h(u)

(k +m+ 2)zktm+2 = Zhtm

H

+...+

4.

The function h(u) satisfies the equation
—(k+m + Duh 4 (bap—1 + ku>)W + u(bpym + apmu) =0
(see (18)), which gives

h(u) = —(ku® + ka—l)l_a/ (ks? 4 bor_1)* "% (bhsms + ams>)ds.

This integral is non-elementary (i.e. not of Darboux type) because

ug
/ (ks? + bop_1)* 2s%ds # 0

—ug

and Ug = / —ka_l/k for ka—l 75 0. O

4.5. Lemma. Ifn > 2m+ 1, then any invariant algebraic curve is either rational
or hyperelliptic (as in Section 2).

Proof. We present the proof only for the case of odd n = 2k — 1.

If © is an invariant algebraic curve, then its intersections with infinity are at the
points Ay : z = 0,u = Hug. Repeating the proof of Lemma 4.4, we can assume
that two of the local components of € form the root singularities of the first integral
(24); u = Fup + O(2) (or y — PE(x) — ¢*(x,y) = 0, ¢+ — 0, ¢F analytic). Other
components have the expansions with non-analytic terms: y — R;(z) + n;(z,y) = 0,
n; ~ 2¥*t™h(y/2*). The product of such functions cannot give a polynomial.

Similar arguments work for even n.

So, if n > 2m + 1, then Theorem 2 holds. O

4.6. Lemma. Letn =2m+ 1.

(a) If A\i,A2 & Q (see Lemma 8.3), then any invariant algebraic curve of the
system (1) is of the form y = Pp11(x) or of the form (y + Pmi1)? = Q(z).

(b) If M2 € Q, then either we have the situation as in case (a) or there is an
invariant d-fold algebraic curve, d > 2, the singular points (0,u1,2) are formally
linearizable and there is a formal local Darbouz integral in the system (19).

Proof. If A1 2 € Q, then by Lemma 3.3 there exist exactly two analytic trajectories
going to infinity. Hence, the only invariant algebraic curves are one- or two—fold.

If A\ 2 € Q and there is a d—fold curve €2, d > 2, then one of the singular points
of the system (19) is a resonant and linearizable node through which at least two
branches of Q) pass. We look at the local first integral near the line z = 0 and we
repeat the analysis from the proofs of Lemma 4.3 and Lemma 4.5. One sees that
the integral must be of formal local Darboux type. This implies that both singular
points are formally linearizable.

This completes the proof of Lemma 4.6 and of Theorem 2. O

Remark. If there is a formal local Darboux first integral, then the local holonomy
group associated with the holomorphic foliation near the line y = 0 is formally
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abelian. Maybe, in such case there is a local analytic Darboux first integral (i.e. of
the form [] fi** with analytic functions f;(z,y)) and the holonomy group is abelian.

5. DENSITY OF THE SET OF SYSTEMS WITHOUT INVARIANT ALGEBRAIC CURVE

Here we prove point (b) of Theorem 1.

In the case m <n < 2m+ 1 (by Lemma 4.3) we have to show that the systems
with rational invariant curves and systems with hyperelliptic invariant curves form
thin subsets of A, ,. Because they form algebraic subsets, it is enough to calculate
their dimensions.

If there is an invariant algebraic curve of the form y = P,_,,(z), then g, =
—(fm + P} _,,) Pn—m (see Section 2.1). We get the subvariety ¥ in A, ,, (parame-
trized by f,, and P,_,,) counsisting of systems with such invariant curves. Its
dimension is (m+1)+(n—m+1) = n+2, which is smaller than dim A,, ,, = m+n+2
for m > 0.

If there is an invariant algebraic curve of the form y = P,,41(z), then P11 =
—F 4+ Qn_m, F' = fm (see Section 2.1). The corresponding subvariety is parame-
trized by fn, and Q,—., and is of codimension m.

If there is an invariant hyperelliptic curve, then P11 = a[[(x — 2;)™, Q =
b]](x—x;)™ with 2m — n restrictions onto x; (see Section 2.2). We see that the set
of systems with such an invariant curve is parametrized by the discrete parameters
r,mi,n; and r+ 2 — (2m —n) (< n+ 3 —m) continuous parameters a, b, z;. This
set forms a finite union of algebraic subvarietes of codimensions > 2m — 1 > 0 for
m > 0.

In the case n > 2m + 1 we repeat the arguments from the case n < 2m + 1. If
n = 2k —1, then there is a subvariety consisting of systems with a rational invariant
curve of the form y = Py(z) and parametrized by Py and f,,. Its codimension is
k —1 > 0. The subvarietes corresponding to hyperelliptic algebraic curves are
parametrized by a, b, z; (without restrictions) and have dimension < m + 3, which
is smaller than dimA,, ,, > 3m + 3.

In the case n = 2m + 1 we can assume that A1 2 ¢ Q4 in Lemma 3.4. Hence by
Lemma 4.6 the problem becomes the same as the analogous problem in the case
n > 2m + 1. The proof is also the same for m > 0. (If m = 0 then the system is
linear and has an invariant line).

6. THE EXAMPLE OF YABLONSKY

In [7] Yablonsky constructed an example of quadratic system with an algebraic
limit cycle. To implement his method, consider the 12—-parameter family of qua-
dratic systems

(25) ‘%:F?(xvy)v y:G2(x7y)'

We seek a limit cycle in the form

(26) y = w1 () Pa(z) + To(w),

where w1 = apxr + a1, P = —22 4+ 2px + ¢%, Ty = Box® + Bixz + P2. In order
to construct a limit cycle, we substitute (26) into (25) and find a series of very
complex conditions for invariance of the curve (26). Next we check that (26) is a
limit cycle for a suitable choice of parameters.

Note that (26) describes a rational degeneration of the elliptic curve (y — Tz)? =
w? P, of fourth degree with one singular point (xq,yo), wi(zo) = 0, yo = Ta(x0), a
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simple double point. In a footnote in his paper, Yablonsky remarks that he can do
the same with the smooth elliptic curve y = y/Ra(x) +To(x), deg Ry = 4,degTh =
2. As we shall see, this cannot hold.

We begin the analysis of elliptic limit cycles for quadratic systems with the
following property (see [8], Lemma 7).

6.1. Lemma. (a) If K(x,y) = 0 is a smooth irreducible invariavt algebraic curve
for a polynomial planar vector field V(x,y), then there exist a polynomial h(zx,y)
and a polynomial vector field W (zx,y) such that

(27) V =hXg + KW,

where X = %—Kai — %—Kai is a Hamiltonian vector field.
y O z Oy
(b) If the above curve K(z,y) = 0 has singular points p1,...,ps of the double
point type and mo other singularities, then for any polynomial S(z,y) such that

S(pi) = 0 there is the representation
(28) SV =hXg + KW.
6.2. Proposition. If K(z,y) = (y — P(2))?> — Q(z) = 0, degP < 2,deg@Q <

4, max(deg P, (deg Q)/2) = 2, is a smooth curve, then it cannot form a limit cycle
for any quadratic vector field.

Proof. We have
e 50)- )
Ky -PP+q@)  \@,)

The curve K = 0 has two local branches near infinity.
Assume that one of them is y = ¢;(z) ~ Cz%. We have

22
(29) Xiclymss o) ~ <x3>
If
oo o+ ax? +bay + cy?
V= ,
oot da? + exy + fy?
then

az? 4+ bCz3 + cC?z*
30 [/ S ~Y .
(30) ly=61(@) (de +eCx3 + fCQ:z:4)

If the curve K = 0 contains a limit cycle, then we have the representation (27) with
W # 0. Restricting it to the branch y = ¢1(x) and using (29) and (30), we get
that ¢ = 0 and |h(z, ¢1(z)| < O(x). Thus h(z) = Az + B. The first components
of V(x,y) and of h(z,y) Xk (z,y) are linear in y. Therefore, the first component of
W (z,y) = (Wy, Wa) is zero. But then h(z,y)P(x) is quadratic and either

(i) h(x,y) =const or (ii) P(x) is linear.

In case (i), Wa(x,y) = const, ®5(x,y) is cubic in z, and then (P? — Q)(x) is at
most cubic in . This implies that ®3(z,y) is at most quadratic in z, and then
(P? — Q)(x) is quadratic in x. Next, the coefficient before y in ®5(x,y) is 2P’ (z)
and is linear, whereas K(z,y)Wa(z,y) contains 2yP(z). So, P(x) is linear and
Q(z) is quadratic.

In case (ii), P(x) is linear and we can put h(z,y) = z and K(z,y) = % — Q(z),
so that hXx = (2zy, xQ(x)). This also leads to Wy (zy) = 0, Wa(z,y) =const and



1700 HENRYK ZOLADEK

deg(zQ’(x) + WaQ(z)) = 2. But then Wy = 4 and Q(z) = Az* + Baz? + Cx + D.
We get

& = 2xy, y = —4D — 3Cx — 2Bz — 4y*.
This system has first integral H = 2~*(y? 4+ B2?+ Cz+ D) and no limit cycles. O

Remark. Repeating the arguments from the above proof, one can easily show that
a quadratic system cannot have 2-fold limit cycle in an elliptic curve y? = Ax3 +
Bx+C, A#0.

6.4. Limit cycles at a singular 2—fold curve. Here we give our presentation
of the example of Yablonsky. We hope that our analysis is simpler that that from

[7].
We choose
K = [y — (az® + bz + ¢)]* — 2%(d2® + ex + f).
We put S(z,y) = z in (26). Then we have h|g—o ~ x2?, and hence h(z,y) =
Ay + Bx? 4+ Cx + D. Thus W, = E =const, Wy = Fz + G.
Putting z = 0 in (28), we get

2(y — ¢)(Ay + D) + E(y — ¢)* = 0,

2(y — c)b(Ay + D) + G(y — ¢)* =0,

so that £ = —2A, D = —Ac, G = —2Ab.
Next, the first

2(y — ax® — bz — c)h(x,y) + EK(z,y)

and the second

[2(y — az? — bz — ¢)(2ax + b) + 4dz® + 3ex? + 2fx|h(x,y) + (Fz + G)K(z,y)

components of the right hand side of (28) do not contain the terms %, 2%, 23y.

This gives the equations
—2aB — 2A(a* — d) = 0,

4(d —a*)B + F(a*> —d) =0,
3(e — 2ab)B + 4(d — a®)C — 2Ab(a* — d) + F(2ab — e) = 0,

4aB + 4(d — a*)A — 2aF = 0.

From the first three equations we find that B = A(d—a?)/a, F = 4A(d—a?)/a, C =
(2ab — e)/(4a), and the forth equation also holds.

We see that such systems V = [h X + KW]/x are parametrized by the 7 pa-
rameters a, b, c,d, e, f, A.

Now we show that if the parameters are chosen suitably then the oval v of the
curve K =0 is a limit cycle.

Let us look at the singular point x = 0,y = ¢ with the matrix M of its lineariza-
tion. One can easily calculate that trM = 2f and detM = —2f(b+C)(b+2C), C =
b/2 — e/(4a). We see that the point (0,c) can be of focus type.

Since the quadratic systems with non-isolated periodic solutions have a center,
we need only eliminate the situation with a center and a focus.
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The quadratic systems with center have been classified (see [9] for example).

There is only one case with a center and a focus; it is the class of Lotka—Volterra
systems QLY with a pair of imaginary invariant lines. The first integral is of the
form H = (Pl + Z'Ql)a—’_m(Pl — in)a_iﬁRl, ﬂ 75 0, Ql §é 0, where Pl,Ql,Rl are
linear real functions. The only algebraic level curves of such an integral are the
three lines P, =0, @1 =0, Ry = 0. Of course, K = 0 is not of this type.
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